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1
Hochschild , 1945 G. Hochschild (
) , 1956 Cartan-Eilenberg[CE] $\mathrm{E}\mathrm{x}\mathrm{t}$ ,
, MacLane[Mac] , ( )
.
Hochschild , [EH] [EHS]
.
, Hochschild , category
, .
, Frobenius Hochschild
, , hereditary order Hochschild
.
2 Hochschild –
$R$ , A $R$ . A enveloping algebra $\Lambda\otimes R$
$\Lambda^{\mathrm{o}\mathrm{p}\mathrm{p}}$ $\Lambda^{e}$ , A $Z\Lambda$ . $M$ $\mathrm{A}^{e}$ ( , A-bimodule
) ,
$H^{n}(\Lambda, M)=\mathrm{E}\mathrm{x}\mathrm{t}_{\Lambda^{\mathrm{e}}}^{n}(\Lambda, M)$ $(n\geq 0)$
, $M$ A Hochschild . $R$ \searrow ZA
( , cup ). $H^{n}(\Lambda, \Lambda)$ $HH^{n}(\Lambda)$
. ,
$H^{0}(\Lambda, M)\cong M^{\Lambda}=$ {$x\in M|ax=xa$ for any $a\in\Lambda$}
, , $HH^{0}(\Lambda)=Z\Lambda$ .
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22.1 Standard resolution, cup
$n\geq 0$ A , $X_{n}=\Lambda\otimes\cdots\otimes\Lambda$ ($n+2$-times) . ,
$\Lambda$ $\Lambda^{e}$-projective
resolution
$...arrow X_{n+1}arrow X_{n}X_{n-1}d_{n+1}\underline{d_{n}}arrow\ldotsarrow X_{1}arrow X_{0}arrow\Lambda d_{1}d_{0}arrow 0$ , (1)
$d_{n}(x_{0} \otimes x_{1}\otimes\cdots\otimes x_{n}\otimes x_{n+1})=\sum_{i=0}^{n}(-1)^{\dot{\mathrm{z}}}x_{0}\otimes\cdots\otimes x_{i}x_{i+1}\otimes\cdots\otimes x_{n+1}$,
$d_{1}(x_{0}\otimes x_{1}\otimes x_{2})=x_{0}x_{1}\otimes x_{2}-x_{0}\otimes x_{1}x_{2}$ ,
$d_{0}(x_{0}\otimes x_{1})=x_{0}x_{1}$
. resolution A standard resolution .
$\text{ }7_{\vec{}}$ , diagonal approximation
$\Delta_{i,j}$ : $X_{i+j}arrow X_{i}\otimes_{\Lambda}X_{j}$ ;
$x_{0}\otimes x_{1}\otimes\ldots\otimes x_{i+j+1}\mapsto x_{0}\otimes x_{1}\otimes\ldots\otimes x_{i}\otimes 1\otimes_{\Lambda}1\otimes x_{i+1}\otimes\cdots\otimes x_{i+j+1}$
cup $H^{i}(\Lambda, M)\otimes H^{j}(\Lambda, N)\ddot{\Delta}^{i},$ $H^{i+j}(\Lambda, M\otimes_{\mathrm{A}}N)$ . , cup
, anti-commutativity:
$\alpha\cdot i,j\beta=(-1)^{ij}\beta\cdot j,i\alpha$ for $\alpha\in HH^{i}(\Lambda),$ $\beta\in HH^{j}(\Lambda, M)$
. , $Z\Lambda\otimes H^{i}(\Lambda, M).-^{0,i}arrow H^{i}(\Lambda, M)$ , $H^{i}(\Lambda, M)$ $Z\Lambda$





. A Hochschild . , $HH^{0}(\Lambda)=Z\Lambda$
.
2.2 Frobenius Hochschild
A Frobenius $R$ . , A $R$ $(u_{i}, v_{\mathrm{i}})_{1\leq i\leq n}$ ,
$\varphi(u_{\dot{x}})(vj)=\delta_{ij}$ A $\varphi$ : $\mathrm{A}\cong \mathrm{H}\mathrm{o}\mathrm{m}_{R}(\Lambda, R)$ .
, $x\in \mathrm{A}$ , $\alpha_{ji}(x)\in R$ ,
$xu_{i} \cdot=\sum_{j=1}^{n}uj\alpha ji(x)$ , $vjx= \sum_{i=1}^{n}\alpha_{ji}(x)vi$
. $\mu=\varphi(1)(\in \mathrm{H}\mathrm{o}\mathrm{m}R(\Lambda, R)=:\Lambda^{*})$ , $x\in \mathrm{A}$ ,
$x^{\nu}= \sum_{i=1}^{n}\mu(u_{i}x)v_{i}$
, $l/$ $\mathrm{A}$ $Z\Lambda$ (A Nakayama ) .
3A-bimodule $M$ , A $\nu$
$\nu M$ , A-bimodule
$\varphi:\mathrm{A}arrow \mathrm{H}\mathrm{o}\mathrm{m}_{R}(_{\nu}\sim\Lambda, R)=:(_{\nu}\mathrm{A})^{*}$
.
$\Lambda^{\mathrm{e}}$-projective resolution (1) $\delta>\text{ },$ $\Lambda^{\mathrm{e}}$-projective module $\text{ }$ exact sequence
$0-(_{y}\Lambda)^{*}arrow(_{\nu}X_{0})^{*}arrow(_{\nu}X_{1})^{*}arrow(_{\nu}X_{2})^{*}d_{0}^{*}d_{1}^{*}d_{2}^{*}arrow\ldots$ (2)
, (1) (2) $\varphi$ , ( ) A projective resolution
. $..arrow X_{n}arrow X_{n-1}-d_{n}\ldotsrightarrow X_{1}arrow X_{0}X_{-1}rightarrow X_{-2}arrow X_{-3}d_{1}\underline{d_{0}}d_{-1}d_{-2}arrow\ldots$
. ,
. $..arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda^{G}}(X_{-2}, M)\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda^{e}}(X_{-1}, M)arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda^{\epsilon}}(X_{0}, M)arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda^{6}}(X_{1}, M)\underline{d_{-1}^{\#}}d_{0}^{\#}d_{1}^{\#}arrow\ldots$
(3)
A ([Na]):
$\hat{H}$“ $(\Lambda, M).--\mathrm{K}\mathrm{e}\mathrm{r}d_{n+1}^{\#}/{\rm Im} d_{n}^{\#}$
( projective resolution ).
, $\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda^{e}}(X_{0}, M)\cong \mathrm{H}\mathrm{o}\mathrm{m}\Lambda^{e}(X_{-1}, M)\cong M$ ,
$d_{0}^{\#}$ : $M arrow M;m\mapsto\sum_{i=1}u_{i}mv_{i}=’$. $N_{\Lambda}(m)$
,
$\hat{H}^{0}(\Lambda, M)=M^{\Lambda}/N_{\Lambda}(M)$
. , $\overline{HH}^{0}(\Lambda)=Z\Lambda/N\Lambda(\Lambda)1$ . ,
$\hat{H}^{-1}(\Lambda, M)=N_{\Lambda}M/I_{\Lambda}(M)$
$N_{\Lambda}M.--\{m\in M|N_{\Lambda}(m)=0\},$ $N \Lambda(M):=\{\sum_{i}m_{i}x_{i}^{\nu}-x_{i}m_{i}|x:\in\Lambda,$
$m_{i}\in M\}$
.
Modified Hochschild complex (3) , modify complex:
$...arrow\nu-\iota X_{1}\otimes_{\Lambda^{6}}Marrow\nu-1X_{0}\otimes\Lambda^{e}Marrow X_{-1}d_{1}\otimes\iota d_{0}\otimes\iota\otimes \mathrm{A}^{e}Marrow-\nu^{-1}\nu 1X_{-2}\otimes_{\Lambda^{\mathrm{e}}}Md_{-1}\otimes\iotaarrow\ldots$




$1-\vee*1[] \mathrm{X}$ , [Br] \check C , (symmetric 1ebra ) stable center, , $N_{\Lambda}(\Lambda)={\rm Im}(\Lambda\cong(\Lambda\otimes\Lambda)^{\Lambda}arrow Z\Lambda;x\mapsto$
$\sum_{i=1}^{n}$ uixvi) projective center .
4Cup cup ([S1], [S2]):
$\hat{H}^{n}(\Lambda, M)\otimes\hat{H}^{m}(\Lambda, N)arrow.\hat{H}^{n+m}(\Lambda, M\otimes_{\Lambda}N)$ (for $m,$ $n\in \mathbb{Z}$).
, Hochschild $\overline{HH}^{*}(\Lambda):=\oplus_{n\in \mathbb{Z}}\overline{HH}^{n}(\mathrm{A})$ \not\in .
Frobenius $\Gamma/\Lambda$ Frobenius , ,
$\Gamma=a_{1}\Lambda\oplus\cdots\oplus a_{m}\Lambda=\Lambda b_{1}\oplus\cdots\oplus\Lambda b_{m}$
, /A(ai)(bj) $=\delta_{ij}$ $\langle$ $\Gamma,$ $\Lambda)$-bimodule isomorphism:
$\varphi_{\Gamma/\Lambda}$ : $\Gammaarrow \mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda,-}(\sim\Gamma, \Lambda)$
. ,
$\mu_{\Gamma/\Lambda}=\varphi_{\Gamma/\Lambda}(1)$ , $N_{\Gamma/\Lambda}(x)= \sum_{i=1}^{m}a_{i}xb_{i}$ (for $x\in\Gamma$ )
. A $(u_{i}, v_{i})_{1\leq i\leq n}$ Robenius $R$ , $\Gamma$
$(a_{i}u_{j}, v_{j}b_{i})_{1\leq i\leq m,1\leq j\leq n}$ $R$ Frobenius $R$ . ,
$|_{\Lambda}=\nu_{\Lambda\}}$ $N_{\Gamma/\Lambda}N_{\Lambda}=N_{\Gamma\}}$ $\mu_{\Lambda}\mu_{\Gamma/\Lambda}=\mu_{\Gamma}$
. , , $\iota/\Lambda$ $\Gamma$ , A Nakayama ( $\nu$
).




, $p\geq 1$ , complex :
$\mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda\otimes\Gamma^{\mathrm{o}\mathrm{p}\mathrm{p}}}((X_{\Gamma})_{p}, M)arrow \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{A}\otimes\Gamma^{\circ \mathrm{p}\mathrm{p}}}((X_{\Lambda})_{p-1}\otimes\Gamma, M)\cong \mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda^{e}}((X_{\Lambda})_{p}, M)$ (4)
$\mathrm{E}\mathrm{x}\mathrm{t}_{\Lambda\otimes\Gamma^{\mathrm{o}\mathrm{p}\mathrm{p}}}^{p}(\Gamma, M)\cong H^{p}(\Lambda, M)$ . , $q\geq 1$ , complex
:
$\nu^{-1}(X_{\Gamma})_{q}\otimes_{\Lambda\otimes\Gamma^{\mathrm{o}\mathrm{p}\mathrm{p}}}Marrow l^{-1}’(\Gamma\otimes(X_{\Lambda})_{q-1})\otimes_{\Lambda\otimes \mathrm{r}\nu^{-1}}\mathrm{o}\mathrm{p}\mathrm{p}M\cong(X_{\Lambda})_{q}\otimes_{\Lambda^{\mathrm{e}}}M$ (5)
$\mathrm{T}\mathrm{o}\mathrm{r}_{q}^{\nu\Lambda\otimes\Gamma^{\mathrm{o}\mathrm{p}\mathrm{p}}}(\Gamma, M)\cong H_{q}^{\nu}(\Lambda, M)$ .
$r\in \mathbb{Z}$ $\Gamma^{e}$ $M$ , restriction map ${\rm Res}^{r}$ : $\hat{H}^{r}(\Gamma, M)arrow\hat{H}^{r}(\Lambda, M)$
. $p\geq 1$ ,
$H^{p}(\Gamma, M)arrow \mathrm{E}\mathrm{x}\mathrm{t}_{\Lambda\otimes\Gamma^{\mathrm{o}\mathrm{p}\mathrm{p}}}^{\mathrm{p}}(\Gamma, M)$
5$\mathrm{r}\mathrm{e}\mathscr{S}$ : $\mathrm{H}\mathrm{o}\mathrm{m}\Gamma^{\mathrm{e}}((X\mathrm{r})_{p}, M)arrow \mathrm{H}\mathrm{o}\mathrm{m}\Lambda\otimes\Gamma^{\circ \mathrm{p}\mathrm{p}}((X_{\Gamma})_{p}, M)$
. , $q\geq 1$ ,
$\ovalbox{\tt\small REJECT}(\Gamma, M)arrow \mathrm{T}\mathrm{o}\mathrm{r}_{q}^{\nu\Lambda\otimes\Gamma^{\mathrm{o}\mathrm{p}\mathrm{p}}}(\Gamma, M)$
$\mathrm{r}\mathrm{e}\mathrm{s}_{q}$ : $(X_{\Gamma})_{q} \otimes_{\Gamma^{e}}Marrow y^{-1}(X_{\Gamma})_{q}\otimes_{\Lambda\otimes\Gamma^{\mathrm{o}\mathrm{p}\mathrm{p}}}M;y\otimes x\mapsto\sum_{\dot{x}=1}^{m}ya_{i}\otimes b_{i}x$
. ,
$\mathrm{r}\mathrm{e}\mathrm{s}^{0}=\iota_{M}$ : $Marrow M$
reso : $M arrow M;x\mapsto\sum_{i=1}^{n}b_{i}xa_{i}^{\nu}$
, $\mathrm{r}\mathrm{e}\mathrm{s}$ $\Gamma$ complex A complex chain map ,
,
${\rm Res}^{r}$ : $\hat{H}^{r}(\Gamma, M)arrow\hat{H}^{r}(\Lambda, M)$
.
, cochain chain map ,
Cor : $\hat{H}^{r}(\Lambda, M)arrow\hat{H}^{r}(\Gamma, M)$
. , 0 1
$\mathrm{c}\mathrm{o}\mathrm{r}^{0}=N_{\Gamma/\Lambda}$ : $Marrow M$
$\mathrm{c}\mathrm{o}\mathrm{r}_{0}=\iota_{M}$ : $Marrow M$
.
,
$\mathrm{C}\mathrm{o}\mathrm{r}^{r}{\rm Res}^{r}(w)=N_{\Gamma/\Lambda}(1)w(w\in\hat{H}^{r}(\Gamma, M),r\in \mathbb{Z})$
. , ${\rm Res}$ cup . , $\overline{HH}^{*}(\Gamma)arrow\hat{H}^{*}(\Lambda, \Gamma)$
. , $\Lambda$-bimo \sim e $\Lambdaarrow\Gamma$ ,
$\overline{HH}^{*}(\Lambda)-\hat{H}^{*}(\Lambda, \Gamma)arrow\overline{HH}^{*}(\Gamma)\mathrm{c}_{0\Gamma}$
. 0 , $Z\Lambda/N_{\Lambda}(\Lambda)arrow Z\Gamma/N_{\Gamma}(\Gamma):\overline{z}\mapsto\overline{N_{\Gamma/\Lambda}(z)}$ .
3 Hereditary orders Hochschild
, hereditary order Hochschild . notation
[S4] , \S 3.1 .
$\mathrm{g}$
3.1 Maximal orders hereditary orders(local case)
$R$ , $\pi$ , $R/(\pi)$ . $K$ $R$ , $A$
index $n\geq 1$ central simple $K$-algebra . , $A$ , division $K$-algebra $D$
$M_{m}(D)$ . , $D$ cyclic algebra $(W/K, \sigma, \pi)=\oplus_{i=0}^{n}W\Pi^{i},$ $\Pi^{n}=\pi$ ,
. , $W/K$ Galois $G=\langle\sigma\rangle$ $n$ . t) , $S$
$W$ , $R$-algebra $\Delta=\oplus_{i=0}^{n-1}S\Pi^{i}$ $D$ maximal order .
, (II) $=\Delta\Pi=\Pi\Delta$ $\Delta$ ideal .
Maximal orders $A=M_{m}(D)$ maximal $R$-order I
$\mathrm{A}=M_{m}(\Delta)=\ovalbox{\tt\small REJECT}\Delta\Delta.\cdot.$
$\cdot.$ . $\Delta\Delta.\cdot$. $\ovalbox{\tt\small REJECT}$
. $R$-algebraA $R$-algebra $\Delta$ Morita equivalent , $HH^{*}(\Lambda)\cong HH^{*}(\Delta)$
. , $\Delta$ projective resolution ([S3]):
. . . $arrow\delta$ \Delta \Delta \rightarrow \Delta \mbox{\boldmath $\delta$}1\Delta \rightarrow \Delta \mbox{\boldmath $\delta$}0\Delta \rightarrow \Delta \rightarrow O.
$\delta_{0}=\sum_{i=1}^{n}x_{i}\otimes y_{i},$ $\delta_{1}=\sum_{i=1}^{n}x_{i}^{\sigma}\otimes y_{i}$ . , $(x_{i}, y:)_{i=1}^{n}\mathrm{t}\mathrm{h},$ $T_{W/K}(x_{i}y_{i})=\delta:,j,$ $\sum_{i=1}^{n}x_{i}^{\tau}y_{i}=$
$\delta_{\tau,1}$ , $S$ $R$-bases pair $\mathrm{a}$ , $u(1\otimes 1)=1,$ $\delta(1\otimes 1)=\mathrm{I}\mathrm{I}\otimes 1-1\otimes\Pi$,
$\sigma(1\otimes 1)=\sum_{i=0}^{n-1}\mathrm{I}\mathrm{I}^{i}\otimes$ $n-i-1$ . , $HH^{*}(\Delta)=R[x]/(\pi x),$ $\deg x=2$ ,
. , [B] .




, invariants $\{m_{1,2}m, \ldots, m_{r}\}$ $(m=m_{1}+\cdots+m_{r})$ .
$r$ type . , type $r$ hereditary order type $r$ , invariants $\{1, 1, \ldots, 1\}$ basic
hereditary order $\mathrm{t}_{\check{}}$ Morita equivalent . , Hochschild cohomology
basic . , basic hereditary order Frobenius ,
Hochschild cohomology rimg , 2 ,
Hochschild cohomology 2 ([S3]).
3.2 Hereditary order 2 resolution
, type $m$, invariants $\{1, 1_{7}\ldots, 1\}$ basic hereditary order A .
Hochschild $HH(\Lambda)$ 2 , 2
([S3]). , $n=1$ 2 projective resolution













$\ovalbox{\tt\small REJECT}=\oplus\Lambda E_{i}\delta_{0}E_{i}\Lambda i=1m.$’
$P_{1}=\oplus\Lambda E_{i}\delta_{1}E_{\overline{i-1}}\Lambda i=1m$
. , $E_{i}$ A $E_{i,i}$ , $\overline{k}$ , $\overline{k}\equiv k\mathrm{m}\mathrm{o}\mathrm{d} m,$ $1\leq\overline{k}\leq m$
. ,
$\delta_{k}=\sum_{i=1}^{m}(x_{i}E)^{\nu^{-k}}\otimes y_{i}E(\in\Lambda\otimes\Lambda)$
. $\nu$ obenius $R$ A Nakayama .
I A 2 $\Lambda^{e}$-projective resolution :
. . . $arrow P_{1}\eta 0arrow P_{0}P_{1}\eta_{1}\underline{\eta 0}\underline{\eta_{1}}\rho P_{0}arrow\lambdaarrow 0$.
,
$\rho(E_{i}\delta_{0}E_{i})=E_{i}$ ,
$\eta_{1}$ (Ei\mbox{\boldmath $\delta$}lEi ) $=E_{\dot{f}}(X\delta_{0}-\delta_{0}X)E_{\overline{i-1}}$ ,
$\eta \mathrm{o}(E_{i}\delta_{0}E_{i})=E_{i}(\sum_{k=0}^{nm-1}X^{k}\delta_{1}X^{nm-k-1})E_{i}$,
, $X=\Pi E_{1,m}$ $E_{2,1}+\cdots+E_{m,m-1}$
($E_{i,j}$ $A$ ).
resolution , A Hochschild :
2 :
$HH^{*}(\Lambda)\cong R[x]/(\pi x)$ , $\deg x=2$
. type, invariant hereditary order .
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